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^P ■ We study monotonicity and other properties of the canonical c-function (defined through the 

correlator of the energy-momentum tensor) in some holographic duals of 4-d quantum field 
Q^' theories. The canonical c-function and its derivatives are related to the hd Green's function of 

^5 ■ the dual supergravity theory. While positivity of the canonical c-function is obvious, we have 



^ 



X 



not found a general proof of its monotonicity, even though c is monotonic in the few explicit 
examples we examine in this paper. 



Superconformal algebras in 4 dimension possess two central charges, c and a, defined as 
coefficients in the trace anomaly in the background metric g^^: 

where W^^p^ is the Weyl tensor and R^yp^ is the dual of the curvature tensor |I| . Outside 
the critical points, (^ contains additional terms proportional to beta-function, with 
c and a promoted to the central functions c(x), a(x), since they acquire dependence 
on the running coupling g{x). One particularly interesting subclass of these theories, 
characterized by c = a, has properties closely resembling those of the two-dimensional 
CFTs . All theories admitting a dual description in terms of supergravity fall in this 
class. The converse has also been conjectured to be true 0. In this case one can use 
bd asymptotically AdS backgrounds to study RG flows between UV and IR conformal 
fixed points induced by relevant deformations of the 4c? SOFT. Just as in two dimensions, 
the flows are irreversible, having cuv — c//j > 0. On the gravity side of the AdS/CFT, 
there exists a natural candidate for the Zamolodchikov-type c-function monotonically 
decreasing along the flow as a function of a scale - courtesy of Einstein's equations of 
motion^, ^. This holographic c-function, ch-, coincides with the canonical c-function 
defined by the equation P, |^ 



(T,.(x)T,.(o)) = -^ng),. 



c(x) 



"^ pv "^ pa 



f{x) 



X^ 



(2) 



where -Kpy = d^dy - ri^^d"^ , and n^fj^^ = l-npy-np^ - 'iii^ppi^uu + T^puT^vp), at the critical UV 
and IR points, where both are equal to the central charges cjjv and c//j, respectively |§|, ^l- 
Outside the critical points, the c -function is not unique; in particular, the holographic c- 
function ch does not (and need not to) coincide with the canonical one. There is also no a 
priori reason for the canonical c-function to be monotonic, although its values at the UV 
and IR critical points still satisfy inequality cuv > cir. In fact, it is known that outside 
the c = a corridor the canonical c-function is not monotonic . However, since theories 
that possess supergravity duals are distinguished by having c = a (to the leading order 
in A^), and the supergravity description of RG flows naturally exhibits monotonicity, one 
may think that the canonical c-function somehow also inherits the monotonicity from 
the supergravity data. This is indeed so in the models studied so far, but we still do not 
know whether or not this is true in general. 

In this letter we study properties of the canonical c-function defined by the Eq. (^ by 
relating it and its derivatives to the bd Green's function of the Klein - Gordon equation in 
the asymptotically AdS background. We shall use coordinate system in which bd metric 
has the form 

ds^ = dy'^ + e^'*'^yUx^'dx^. (3) 



In the supergravity description of the dual id RG flows the metric (D is typically char- 
acterized by the following properties: 

i) It is asymptotically AdS, i.e. 0(?/) = y/Ruv + 0(e~^^/'^'^^) for y -^ oo, where Ruv 
is the "radius" of the AdS space at y ^ oo. We shall set Ruv = 1 henceforth. 

ii) It has an IR singularity at some finitef] value of y which we can set to zero without 
loss of generality. 

in) If (j){y) is the function describing the background of the supergravity dual to a 
certain gauge theory with id coordinate x, then (j){y + A) — A is the background cor- 
responding to the rescaled 4d coordinate e'^^x (with the IR singularity now located at 
y = —A, (f){y) -^ — cxD for y -^ —A). From points i) and iv) we also have: 

iv) The derivative of with respect to y is a monotonic function, 0'' < 0, 0'' = at 
the critical points. 

v) d(j){y)/dy > 1. 

vi) d(j){y)/dX = d(j){y)/dy — 1. 

The transverse traceless part of the energy-momentum tensor, 

r,, = T,, + l^7r,,T, (4) 
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where T = Tj^, obeys 



/^' 



487r4 "''P'' I x^ 



(r,.(x)T,.(0)) = -— ,4^), (^ . (5) 



With the Euclidean 4-momentum k oriented along z-axis we find 



|4 / -ikx-'y'^ > Mu _ /i_2|_|3 f ^i(^FI) t/u2\ 



c{\x\) = \x\^ J e-"'''—^d^k = A7r'\x\' J '^ '" r{k')dk , (6) 



where T{k'^) = {%:y{k)Txy{0)) is the momentum space two-point function of a min- 
imally coupled massless scalar in an asymptotically AdS background. The function 
JF(A;^) can be computed following the standard procedure [|], if the solution of the free 
wave equation in the asymptotically AdS background is known. For pure AdS^, we have 
J^{k^) = - N'^ k^ log k^/QAn^, and therefore G{x) = SN'^/n'^x^ and c{x) = N'^/A (in the 
normalization of [||). By dimensional analysis, the canonical central function c{x) de- 
pends on A through the combination xe~^. Since c(x. A) = xdxc{x,\) = —dc{x, \)/dX, 
the desired monotonicity property of c(x), c{x, A) < 0, is translated into the monotonic- 
ity of c{x, A) with respect to A, dxc{x, A) > 0. We now try to estabhsh this property by 
looking at the 5d Green's function G{x,y\x',y'). Due to the Ad translation invariance, 

^ In the conformal case instead of a singularity there exists a horizon located at ?/ = oo. 



G{x,y\x' ,y') depends on \x — x'|; we put x' = and use x instead of |x| to simplify 
notations. The function G(x,y|0,|/') obeys 

- dye^^^y^dyG - Ue^'^^y^G = 6'^'^\x)6{y - y') , (7) 

from which we deduce 

y CO y2 

e^^^y^dyG{x, y|0, y') |„n= -□' / dyie^'^^^^^ f dy^e-^^^y^^ f dyse^t'^y^^Gix, y^lO, y') , (8) 



yi 



where the symbol \ren nieans that terms proportional to 5^^\x) are discarded. Since 

c{x,X) = Kx^ lim lim e^'''^y^e^'''^y'^dydy,U-^G{x,y\Q,y') |,en , (9) 

where k = (27r)'^A^^/327r^ is the normalization constant, we obtain 

y CO j/2 

c(x, A) = -Kx^ lim lim e^'^^^'^Sy / dyi / dy2 / dy3F{x,yi,y2,y3,y', X) , (10) 

y--*00 y'^CO J J J 

-A yi -A 

y oo 3/2 



xdxc{x,\) = — —c{x,X) = Kx^ lim lim e^'^'^y'^dyi / dyi / dy2 / dy^ F{ , (11) 

dX y^oo yl^oo J J J 



where 

F(x, 1/1,1/2, 2/3, 2/', A) = e2<^(^^)-^<^(^^)+2<^(^^)G(x, y,% y') . (12) 

The above expression can also be written as 

y CO y2 

xdxcix.X) = KxMim lim e^'^^^'^a. ( dyie^'^^^''^ / rfyse'^'^^^') [ dyse^'^^^'^ 

y^ooy'-,oo "J J J 



A 2/1 -A 

dG'(x,i/3|0,?/') 



rfA 



+ 2G(x,i/3|0,2/')(</''(2/i) - 20'(2/2) + 0'(2/3)) 



(13) 



where (/''(y) denotes the derivative of (p with respect to A. We would like to see that 
dc{x, X)/dX > 0. Since for y' ^ oo G{x,y3\0,y') ~ e~^y , the sign of dc{x, X)/dX is the 
same as the sign of dG{x,y3\0,y')/dX + 2G{x,y3\0,y'){(l)'{yi) —20' (1/2) +0'(2/3))- We have 
also 1/1 < 1/2, 2/3 < 2/2 and therefore 4>'{yi) — 20'(?/2) + (p'iy^) > because of properties u) 
and vi) of 0(|/) itemized above. Since (^(x, yalO,?/') > 0, the second term in the square 
bracket in Eg . ([T3|) is nonnegative. 

We shall investigate now the monotonicity of G(x, ?/|0, y') with respect to the param- 
eter A. The derivative d\G{x,y\Q,y') obeys 

[-dye'^'^y^dy - e^^'^y^) 9aG(x, 2/|0, y') = R{x, y, y') , (14) 



where 

R{x,y,y') = Ady(^'{y)e''^dyG + 20'(|/)9,(e^*9,G) - 2(^' {y)5^'\x)5{y - y') . (15) 

Then 

oo 

(9aG(x, |/|0, y') = dy dxG{x,y\x, y)R{x, y, y') . (16) 



To prove monotonicity of G(x, |/|0, y') with respect to A we have to show that R{x, y, y') \ren 
given by 

R{x, y, y') \ren= Ady<^ {y)e^^ dyG + 20'(y)9,(e^<^9,G') (17) 

(the term with deha- functions is irrelevant since upon integration it produces —2(j)'[y') 
G(x, y|0,?/') ^ for y' ^ oo and a; > 0) is nonnegative. Even though this is certainly 
true for large values of y, it appears to be /a/se in general (see the counterexample below). 
Indeed, if the property dG{x,y\0,y')/d\ > would hold in general, it would imply 
dG{x)/dX > 0, where G{x) is the Ad two-point function (the zeroth-order term in the 
expansion of G{x, y\0, y') in powers of e~^^, e~^^ ). The behavior of G{x) with respect to 
A is related to the behavior of the scale-invariant function x^G{x) with respect to x, since 
dG/dX = —xdx{x^G{x))/x^. We shall demonstrate that in one of the three known explicit 
supergravity realizations of the dual RG flows, the function x^G{x) is not monotonic in 
X, and therefore dG{x,y\0,y')/d\ > can not be true in general. Intriguingly, in spite 
of this negative result, c{x) turns out to be monotonic in all explicit examples described 
below. 

Flow to AT = 1 SYM 

In our first example, we calculate the 5d Green's function and the central function c{x, A) 
for the flow to the A/" = 1 SYM studied in 0. The metric is of the form (^, where ^(y) 
is given by 

^(y) = l(y + log [2 sinh(2/ + A)] - A) . (18) 

The function (f){y) has properties i) - vi) listed in the beginning of the paper. The 
solutions of the Klein-Gordon equation in the background given by (jl^) are 

My) = ^^^^^2^1 {A, -A; 2; 1 - e"^^"^^) , (19) 
sm 7t A ^ ' 

^ If G is represented hy G — Goe^^^+Gie^'^^ + . . ., where Go is positive by unitarity, then e^'^^^^dyG -^ 

— 4Go < for large y, whereas the term 2(j)'{y)dy{e^'^dyG) is suppressed by the additional power of 

e^^** (note that (/>'(?/) and dy4>'{y) have the same order of magnitude ~ e~^^). Since dy(t>'{y) < 0, 

R{x,y,y') \ren^ -166'^^' dly(l3{y)Goix)[l + 0{e-^y .e'^y')] > and therefore dG/dX > 0. 
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Figure 1: Function c{x)/N'^ for the flow to A/" = 1 SYM (solid line), A/" = 4 Coulomb 
branch, discrete spectrum, n = 4 case (dotted line), M = 4 Coulomb branch, continuous 
spectrum with a mass gap, n == 2 case (dashed line). 

My) = -e-'^Fi {2 + A,2-A; 3; e-^^-^") , (20) 

where A = zfce'^/2. The Green's function obeying Dirichlet condition at the boundary 
{y = cxd) is constructed in a standard way, and in the region —A < y < y' with y' —>■ oo 
is represented by a series 

, (1 - A')7rA 



G{k\y,y')=e 



-4y' 



FAA,-A;2;l~e 



-2J/-2A 



sinvrA 
Then the 4d two-point function, J-'{k'^), can be obtained as 

iV2 



0{e- 



J^{t 



lim lim e^^^^y'^-^^^y^^dydy>Gik'^,y,y') 



(21) 



(22) 
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In the coordinate space (pl|) becomes G(x, y|0, y') = e~^^ ^(0;, y) + 0(e~^^ ), where 

00 
G{x,y) = Y.G^{x,y), (23) 



n=0 



G'„(a;,y) 



iV^e 



2^-7A 



-2?/- 



2e-^^ 



vr'^a; 



o2A 



;^(;r^E;V-'=)'-(("-^i)=-'=)AM2/- 



The first term, Go{x,y) = e ^^G{x), gives the Ad two-point function: 



(24) 



/Y2 -7A 00 Ar2p-7^ 



TT^X 



n=2 



n^x 



fjxe ^\t)cosht 

Cg2a;exp-Acosht _ 2)7 ' '^ ^ 



where f{u,t) = 48e^"'=°"^^*(l + e^"™*^^*) + 312e^"™'^^*(l + e^"™'^!^*) > 0. The 5d Green's 
function is monotonic with respect to the parameter A (see Fig.(0)) which according 
to the discussion in the preceding section imphes monotonicity of the canonical central 
function. The explicit expression for c(x) was obtained in 



oo °° 






Op2a::exp "Acosh t i 

f^Zxexp— Acoshi '\\i 

n=2 Q \^ ^) 

(26) 
Using Mellin summation technique^ [0 we obtain the following representation for c{x) 

N^ iV2^2g-2A N2^2^-2X 

c{x) = — — + log(xe ) 

oo 2n„— 2nA 

- N^x^e-^' E -y7--W lCi-2n - 3) - C'(-2n - 1)] (27) 



/\/-2™4„-4A oo 2n„-2nA / p p 

1\ X e y-^ X e / D2n+2 -D2n+4 

2 ^Q n!(n + l)! Vn + 1 ~ n + 2 



V'(^ + l) + ^^^;^^-log(xe-^) 



where C'("S) is the derivative of the Riemann zeta- function, i?2n are Bernoulli numbers. 
The central function is positive definite, monotonic (Fig. (|l|)), and has the correct UV 
and IR limits: for small x c{x) — > cuv = iV^/4 and for x — ;► cxd c{x) ~ x^^^e"^^ -^ cir = 0. 
It is also non-analytic in x as the expansion (|27| ) shows. 

Coulomb branch of A/" = 4 S YM 

The metric corresponding to the supergravity description of the n-dimensional (1 < n < 
5) transverse distribution of the D3 branes (associated with the Coulomb branch of the 
A/" = 4 SYM with SO{n) x SO {6 — n) local gauge symmetry) was obtained in |T^. For 



n = 2,4 the s-wave Klein - Gordon equation for a minimally coupled massless scalar. 



-dr 
r 



02-' 



r^\l±-\drUr) 



k'L%{r) = 0, (28) 



where ± corresponds to ra = 2, 4, respectively, L is the radius of the asymptotic AdS^ 
and i characterizes the size of the branes distribution, can be solved exactly. We consider 
the n = 2 and the n = 4 cases separately. 



■^Mellin summation (rather than the Euler-Maclaurin formula) is convenient in this case since the 
function of n multiplying the modified Bessel function in (Eq) is a polynomial. This is not the case in 
our third example, where it is the Euler-Maclaurin formula which allows to obtain an explicit expression 
whilst the Mellin summation is useless. 
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Figure 2: A/" = 1 flow: flve-dimensional Green's function G{x,y = 1) versus A for (from 
top to bottom) X = 1.41, x = 1.55, x = 1.7 
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Figure 3: A/" = 4 flow, n = 2 (continuous spectrum): four- dimensional Green's function 
G{x) versus A for (from top to bottom) x = 1, x = 1.1, x = 1.2 




Figure 4: A/" = 4 flow, n = 4 (discrete spectrum): four- dimensional Green's function 
G{x) versus A for (from top to bottom) x = 1, x = 1.1, x = 1.2 



Two-dimensional distribution of D3 branes 

The solutions of (p8|) are 

.(2) 



Ck'ir) = v''~2Fiia.,a.;2a. +2;v) 



(29) 
(30) 



where a± = — l/2±vT+~e^^^, e^ = L'^/i, v = l/(l + £^/r^). The first solution is regular 



at the location of the branes, and is used to construct the two-point function |[TT[| : 



2lA 



Hk' 
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Then the central function is given by 



c{x) 



I k'^Ji{kx)^ (- + -^Jl + e^^kA dk . 



Using the Binet expression W^ 



and the resul 



^{z) = \ogz- l/2z - 2 f{t^ + z2)-i(e2-* - lyHdt , 



7 f z'^\ 4 2^2 

/ X^ log 1 + ^r Ji{cx)dx = — K2{CZ) , 

J \ x'^ J cr c 



one can obtain the following spectral representation for c{x) 



2^4^-4A 



N'x'^e 



where 



c(x) 



p{^^) = vrM 1 



J p{n^)AE{e-^x,iJ^)d^i^ 
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o^\fW~^ _ \ gSTTY^/X^-l _ Y 



(31) 



(32) 



(33) 



(34) 



(35) 



^ This integral can be obtained by taking a derivative with respect to c of the expression 

2 2z 



/ xlog ( 1 + — J Jo{cx)dx 





-Kiicz), 



given in 2.12.28.9 of 



and A£;(x, m^) = Vm?x^Ki(Vm'^x'^)/4:7r'^x'^ is a four-dimensional free Euclidean propa- 
gator. For small x we get 



c(x) = — j — \- (J Ix ,x log Xj . 



4 



96 



(36) 



Using this expansion, we can calculate the anomalous dimension of the operator inducing 
the flow in the UV limit, 



huv = — lim — = — 1 . 

UV 2c 

The coordinate representation of the scale-invariant function x^G{x) is given by 

3Ar2 



(37) 



x^'Gix) 



TT"* 



X 



1 + xKi{x)- — ^, ' + x^Kq{x) 



64 



16 



+ ^^o(a;) - X [iro(x)/i(x) + K^{x)h{x)] 



+ 



X 



/i^ fiKi{fix) 



192 7 g27r7;:^ _ ^ 



X 



(i/i^ 



X 



yU'^ fiKl (fix) 2 
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X 



dfx 



Note that x^G{x) (or x^e ^^G{xe ^) versus A) in this case is monotonic (Fig.(^)) which 
again implies monotonicity of c(x) (Fig.([|)). 



Four-dimensional distribution of D3 branes 

The solutions of ( P^D for n = A are 

^l}\r) = {1 - u)\F, {a + 2,1 - a;l;u) 

ef(0 = 2i^i(a,-l-a;l;^), 



(38) 
(39) 



where a = —1/2 + -\/l — e'^'^k^/2, u = I — £^/r^. The second solution (regular at r = 0) 
leads to the two-point function with the discrete spectrum |11|: 



2lA 



^(p 



N'k 



1 I 



M/ ( - + -Vl - e^^k^j + ^ (2 " 2^'^ ~ ""'^^^ 



1 1 



(40) 



We shall see that in this case the Green's function is not monotonic with respect to the 
parameter A. The coordinate representation of (1^) is given by 



G(x) 



2^ 



e"^^ ^(2n + l)[n{n + l)f^Ki{2Jn{n + l)xe 



-,-An 



(41) 



n=l 



The explicit expression for G{x) can be obtained from (^Tj) using Euler - Maclaurin 
formula: 



r2^-7A 



F X, A + ^-— K^ (2V2xe-^' 

TT^X TT^X 



jy2g-7A oo ^, 



E 7i^/^'""'H0) , (42) 



27r% ^i(2n)! 



where f{t) = {2t + 3)[{t + l){t + 2)f/^Ki{2,J{t + l)(t + 2)xe-^) , and the integral involved 
is calculated in the Appendix with the result 



oo 



F{x,X) = f t^Ki{2txX)dt 

-h + (l + x^e-^^) 2V2xe-^Ki{2V2: 






xe ^) 



+ 4xV2Ml+xV2^ + ^^ Ko(2v^: 



4 -4A' 



xe ^1 



- 2^2x6"^ [iro(2V2xe"^)/i(2V2xe"^) + /o(2V2xe"^)fs:i(2V2. 
Representation (^) allows us to study the region of small x: 

o A/'2 o/V-^p"^-^ 

Note that the scale-invariant function x^G{x) is not monotonic (see Fig. @)). Analyti- 



cally it can be seen from (^31), where the second term is positive definite^ so that for small 
X the function x^G{x) first increases before decreasing (exponentially) down to zero for 
X — *> oo. 

Nevertheless, the canonical c-function is monotonic. The c-function can be obtained 



by slightly modifying the procedure described in [rU|: 

Ar2a;3e-3A oo 



C X 



2 n=l 



E (2t2 + 1) Vn(n + l)Ki{2^n{n + l)xe~^) . (44) 



Applying Euler - Maclaurin summation formula, we get 

c(x) = N^x\-''''K2{2s/2xe-^) + ''^ ^'^ ^ K,{2V2xe-^) 

10 



where f{t) = (2t + ?>)^(t + l)(t + 2)Ki(2^(t + l)(t + 2)xe-^) . The expansion for small 
X is 



c{.x) = — 



6 



O (x'^,x''logxj . 



(46) 



The function c is positive definite and monotonic (Fig.(|l|)). 
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Appendix: Calculation of the integral I{c,a) = J x Ki{cx)dx 



Volume 2 of |T^ (1.12.1.1, p. 47) provides an expression for an indefinite integral, / x^Ki{x)dx, 
in terms of Lommel's functions which for our purposes can be rewritten as 



I{c,a) = — 
c' 



„7 



9 \ S 

X \ X 



^iri(x)iFJl;4,4;^ +|^Ko(x)iFJi;4,5;^ 



where 



1F2 (a; 6, c]z) = Y^ 



[a]„ z" 



(47) 



(4^ 



^0 iP)n{c)n n\ 

is one of the hypergeometric functions, (a)„ = V{n + a)/V{a). It is known (see 7.14.2.98 
in Volume 3 of [0]) that 



■ F.(l;4,4;.^)=-| 

Integrating the series (^Sp using ( |45| ) we obtain 

2\ 36 



Ah{2z) - A - Az^ - z^ 



(49) 



Li^2(l;4,5; 



4^/1(22) -Az^-2z^ 



(50) 



Substituting (H) - (H) into (|3) we get 

rid 

384 



X Ki{cx)dx 



1+ 1 + —— acKUac) + 



a^c^ 



a?c^ a^c^^ 



1 + -^ + 



8 192 



Kf^iac] 



— ac [KQ{ac)Ii{ac) + Io{ac)Ki{ac)] 



(51) 



For a = (0) reduces to the well-known result, /(c, 0) = 384/c'^ [|14|. 
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